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Abstract. Consider a smooth, projective family of canonically polarized varieties over 
a smooth, quasi-projective base manifold Y, all defined over the complex numbers. It 
has been conjectured that the family is necessarily isotrivial if Y is special in the sense of 
Campana. We prove the conjecture when y is a surface or threefold. 

The proof uses sheaves of symmetric differentials associated to fractional boundary 
divisors on log canonical spaces, as introduced by Campana in his theory of Orhifoldes 
Geometriques. We discuss a weak variant of the Harder-Narasimhan Filtration and prove a 
version of the Bogomolov-Sommese Vanishing Theorem that take the additional fractional 
positivity along the boundary into account. A brief, but self-contained introduction to 
Campana's theory is included for the reader's convenience. 
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1. Introduction and statement of main result 

1 .A. Introduction. Complex varieties are traditionally classified by their Kodaira-Iitaka 
dimension. A smooth, projective variety Y is said to be of "general type" if the Kodaira- 
Iitaka dimension of the canonical bundle is maximal, i.e. = dimF. Refining 
the distinction between "general type" and "other," Campana suggested in a series of re- 
markable papers to consider the class of "special" varieties Y, characterized by the fact 
that the Kodaira-Iitaka dimension k{£/) is small whenever £/ is an invertible subsheaf of 
ily, for some p. Replacing fiy with the sheaf of logarithmic differentials, the notion also 
makes sense for quasi-projective varieties. 

Conjecturally, special varieties have a number of good topological, geometrical and 
arithmetic properties. In particular, Campana conjectured that any map from a special 
quasi-projective variety to the moduli stack of canonically polarized manifolds is neces- 
sarily constant. Equivalently, it is conjectured that any smooth projective family of canoni- 
cally polarized manifolds over a special quasi-projective base variety is necessarily isotriv- 
ial. This generalizes the classical Shafarevich Hyperbolicity Theorem and recent results 
obtained for families over base manifolds that are not of general type, cf. IIKKOSai [KKOSbl 
and the references therein. 

In this paper, we prove Campana's conjecture for quasi-projective base manifolds Y° of 
dimension dim Y° < 3. Throughout the present paper we work over the field of complex 
numbers. 

1 .B . Main result. Before formulating the main result in Theorem I 1 .SI below. we briefly re- 
call the precise definition of a special logarithmic pair The classical Bogomolov-Sommese 
Vanishing Theorem is our starting point. 

Theorem 1.1 (Bogomolov-Sommese Vanishing Theorem, ||EV92[ Sect. 6]). Let Y be a 

smooth projective variety and D <Z Y a reduced, possibly empty divisor with simple nor- 
mal crossings. If p < dim Y is any number and C ft^ (log D) any invertible subsheaf, 
then the Kodaira-Iitaka dimension of is at most p, i.e., k(s!/) < p. □ 

In a nutshell, we say that a pair (Y, D) is special if the inequality in the Bogomolov- 
Sommese Vanishing Theorem is always strict. 

Definition 1.2 (Special logarithmic pair). In the setup ofTheorem \l.l\ a pair {Y,D) is 
called special if the strict inequality k{s^) < p holds for all p and all invertible sheaves 
C f2^(logZ3). A smooth, quasi-projective variety Y° is called special if there exists 
a smooth compactification Y such that D := Y \ Y° is a divisor with simple normal 
crossings and such that the pair {Y, D) is special. 

Remark 1.3 (Special quasi-projective variety). It is an elementary fact that if Y° is 
a smooth, quasi-projective variety and Yi, Y2 two smooth compactifications such that 
Di := Yi \ Y° are divisors with simple normal crossings, then {Yi,Di) is special if 
and only if (I2, D2) is. The notion of special should thus be seen as a property of the 
quasi-projective variety Y° . 

With this notation in place, Campana's conjecture is then formulated as follows. 

Conjecture 1.4 (Generahzation of Shafarevich Hyperbolicity, ICamOSI Conj. 12.19]). Let 

f° : X° — > Y° be a smooth family of canonically polarized varieties over a smooth 
quasi-projective base. IfY° is special, then the family f° is isotrivial. 

Tlieorem 1.5 (Campana's conjecture in dimension three). Conjecture \1.4\ holds if 
dimy° < 3. 
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Remark 1.5.1. In the case of dimF" — 2, Conjecture 11.41 is claimed in MCamOSI 
Thm. 12.20]. However, we had difficulties following the proof, and offered a new proof of 
Campana's conjecture in dimension two, IIJK091 Cor. 4.5]. 

Remark 1.6. In analogy to the maximally rationally connected fibration, Campana proves 
the existence of a quasi-holomorphic "core map", c : Y° - -> C{Y°), which is charac- 
terized by the fact that its fibers are special any by a certain maximality property. One 
equivalent reformulation of Conjecture 1 1.41 is that the core map always factors the moduli 
map /X : y° — )• *Xt, i.e., that there exists a commutative diagram of rational maps 

/ \ 

r° z ^OT- 

1 .C. Outline of the paper. In PartUof this paper, we introduce the notion of C-pairs, also 
called Orbifoldes Geometriques by Campana, and prove a number of basic results that will 
be important later. The notion of a C-pair offers the formal framework suitable for the 
discussion of differentials on charts of moduli stacks and on the associated coarse moduli 
spaces. Section |2] contains a brief introduction to C-pairs and their use for our purposes. 
Several sheaves of differentials and the associated version of Kodaira-Iitaka dimension for 
subsheaves of C-differentials are also introduced. 

Even though our presentation differs from that of Campana's papers, most of the mate- 
rial covered in PartUis not new and appears, e.g., in llCamOS j . We have chosen to include a 
complete and entirely self-contained introduction because we found some parts of llCamOSI 
hard to read, and because some of the basic notions have still not found their final form in 
the literature. 

In contrast, the results of Part HI] are new to the best of our knowledge. In Section |6l 
we discuss a weak variant of the Harder-Narasimhan Filtration that works for sheaves of 
C-differentials and takes the extra fractional positivity of these sheaves into account. Even 
though we believe that a refinement of the Harder-Narasimhan Filtration works in the more 
general context of vector bundles with fractional elementary transformations, and might be 
of independent interest, we develop the theory only to the absolute minimum requked to 
prove Theorem ll.5l 

In Section |7] we generalize the classical Bogomolov-Sommese Vanishing Theorem ll.il 
to sheaves of C-differentials on C-pairs with log canonical singularities. Again, this is a 
generalization of the results obtained in IIGKK08 I that respects the fractional positivity 
along the boundary. 

In Part |III] we prove Theorem 11.51 To prepare for the proof we recall in Section |9] a 
recent refinement of Viehweg-Zuo's fundamental positivity result: if the family /° is non- 
isotrivial and if Y is any smooth compactification of Y° such that D := F \ y° is a 
divisor with simple normal crossings, then there exists a number m ^ and an invertible 
subsheaf C Sym'" Vly (log D) of positive Kodaira-Iitaka dimension. In the appropriate 
orbifold sense, this "Viehweg-Zuo sheaf" ^ comes from the moduli space. One of the 
main difficulties in the proof of Theorem 11.51 is that special pairs are defined in terms 
of subsheaves in riy(logD), while Viehweg-Zuo's result only gives subsheaves of high 
symmetric products Sym"* fi^ (log D). 

To give an idea of the proof, consider the simple setup where y = y° is compact and 
admits a morphism ^ : Y Z io a. curve such that the family f° is the pull-back of a 
smooth family that lives over Z. Applied to the family over the one-dimensional space Z, 
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the Viehweg-Zuo result implies that il^ is ample, so that the inclusion 7*ri^ — imme- 
diately shows that Y cannot be special. Since all sheaves constracted by Viehweg and Zuo 
really come from the moduli space, a more elaborate version of this argument can in fact 
be used to deal with all cases of Theorem I 1 . 5 1 where the moduli map has a one-dimensional 
image. For moduli maps with higher-dimensional images, minimal model theory gives the 
link between the existence of and positivity of subsheaves in ily (log D). 

Acknowledgments. Conjecture 11.41 was brought to our attention by Frederic Campana 
during the 2007 Levico conference in Algebraic Geometry. We would like to thank him 
for a number of discussions on the subject. 

PART I. C-PAIRS AND THEIR DIFFERENTIALS 

2. C-PAIRS, ADAPTED MORPHISMS AND COVERS 

2. A. C-pairs, introduction and definitions. Let 7 : F — > X be a finite morphism of 
degree N between n-dimensional smooth varieties and assume that 7 is totally branched 
over a smooth divisor D C X. In this setting, if cr G T{X, fi^ is a p-form, possibly 

with poles of arbitrary orde^] along D, its pull-back 7* (cr) is again a p-form, now with 
poles along := supp7*(_D). It is an elementary fact that to check whether cr does 
indeed have poles, it suffices to look at its pull-back 7* (cr). More precisely, it is true that a 
has poles of positive order if and only if 7*(cr) does. A similar statement holds for forms 
with logarithmic poles along D. This is, however, no longer true if we look at symmetric 
products of n^. 

For an example that will be important later, choose local coordinates zi , . . . , z„ on X 
such that D = {zi = 0}. The symmetric form 

(2.0.1) a := i^(dzi)®^i®(dz2)®''^®---®(dz„)®''" G r{X, Sym^i+-+''" 0^(*i^)) 
^1 

has a pole of order a along D. However, an elementary computation shows that 7*(cr) 
does not have any pole if the pole order of a is sufficiently small with respect to bi, that is 
a < 61 • V. 

In our proof of Theorem |1.5l we consider morphisms j -.Y ^ X, where X is a suitable 
subvariety of the coarse moduli space and F is a chart for the moduli stack, or simply 
has a morphism to the moduli stack. Tensor products of iiy and and the pull-back 
map appear naturally in this context when one discusses positivity and the Kodaira-Iitaka 
dimension of invertible subsheaves of fly, and tries to relate that to objects living on the 
coarse moduli space. The formal set-up for this discussion has been given by Campana 
in his theory of Orbifoldes Geometriques . Since the word orbifold is already used in a 
different context, and since the notion of a geometric orbifold is not widely accepted, we 
have chosen to use the words C-pair, C-form and C- differential in this paper, where "C" 
stands for Campana. In this language, we will say that the form cr defined in (12.0.11 ) is a 
C-form on the C-pair (X, ■ D) if and only if a < fei • -^^^ holds. 

Notation 2.1. We will often need to consider numbers where N is either a positive 
integer or = 00. Throughout the paper we follow the convention that := 1. 



'See Definition |3.4| on page[To]for a proper definition of the slieaf i*D) of differential forms with poles 
of arbitrary order along D. 
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Definition 2.2 (C-pair and C-multiplicities, cf. ICamOSI Def. 2.1]). A C -pair IS a pair 
(X, D) where X is a normal variety or complex space and D is a Q-divisor of the form 

i 

where the Di are irreducible and reduced distinct Weil divisors on X and rii G N+ U {cx)}. 
The numbers are called C-multiplicities of the components Di, denoted 'rn(^x,D){Di)- 
More generally, if E C X is any irreducible, reduced Weil divisor, set 

/ 17'^ f'^i such that E = Di 

2.B. Adapted coordinates. In Section [3] we compute sheaves of C-differentials in local 
coordinates. For this, we consider "adapted" systems of coordinates, defined as follows. 

Definition 2.3 (Adapted coordinates). Let {X, D) be a C-pair, and let x e supp(-D) be a 
point which is smooth both in X and in supp(D). IfU is a neighborhood of x, open in the 
analytic topology, and i/zi, . . . , z„ e ^hoi(C^) are local analytic coordinates about x, we 
say that the Ziform an adapted system of coordinates if the set-theoretic equation 

supp(i:») n t/ = {zi = 0} 

holds. 

Remark 2.4. If {X, D) is a C-pair, and x G supp(_D) is a point which is smooth both in 
X and in supp(Z?), then there always exists an open neighborhood of x with an adapted 
system of coordinates. The set of points for which there is no system of adapted coordinates 
is therefore contained in a closed subset of codimension > 2. 

The last remark shows that the set of points for which there is no system of adapted 
coordinates will not play any role when we use adapted coordinates in the discussion of 
reflexive sheaves of differentials. For a more general setup on smooth spaces, see [ICamOSI 
Sect. 2.5]. 

2.C. Adapted morphisms. In Section IZAl we attached a C-pair to the base of a finite 
morphism. Conversely, in the discussion of a given C-pair {X,D), we will often use 
morphisms Y ^ X which induce the C-pair structure on X, at least to some extent. In this 
section, we introduce the necessary notation and prove the existence of these "adapted" 
morphisms. 

Notation 2.5 (Multiplicity of a Weil divisor in a pull-back divisor). Let 7 : F X be a 
surjective morphism of normal varieties of constant fiber dimension. If D is any divisor 
on X, its restriction -D|x„ to the smooth locus of X is Cartier In particular, there exists 
a pull-back "i*{D\x,.^^), which we can interpret as a Weil divisor on the normal space 
7^^(Xrcg). If -E C y is any irreducible divisor, then E necessarily intersects 7^^(Xiog), 
and it makes sense to consider the coefficient m of the pull-back divisor 7* {D\x^^ ) along 
i?|.y-i(Xreg)- Abusing notation, we say that E appears in j*{D) with multiplicity m. 

Convention 2.6 (Pull-back of Weil divisors). In the setup of Notation 12.51 the pull-back 
morphism for Cartier divisors defined on Xi-^g extends to a well-defined pull-back mor- 
phism 

7* : {Weil divisors on X} — > {Weil divisors on Y} 
that respects linear equivalence. Throughout this article, whenever a surjective morphism 
of constant fiber dimension is given, we will use the pull-back morphism for Weil divisors 
and their linear equivalence classes without extra mention. 
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Definition 2.7 (Adapted morphism). Let {X,D) be a C-pair, with D ^ ^IT^-^*- ^ 
surjective morphism 7 : y — > X from an irreducible and normal space is called adapted 
if the following holds: 

(2.7.1) for any number i with rii < 00 and any irreducible divisor E C Y that surjects 
onto Di, the divisor E appears in "f*{Di) with multiplicity precisely ni. 

(2.7.2) the fiber dimension is constant on X. 

The morphism 7 is called subadapted if in (2.7.1) we require only that E appears in 7* (Di) 
with multiplicity at least Hi. 

The preimage of the logarithmic part of D will appear again and again when we use 
adapted covers to discuss the differentials associated with a C-pair. We will thus introduce 
a specific notation for this divisor. 

Notation 2.8 (Adapted logarithmic divisor). Given a C-pair {X, D) and an adapted or 
subadapted morphism 7 : y ^ X as in Definition |2j7] we set 

:=supp7*(L^J)cy. 

We call Dj the adapted logarithmic divisor associated with 7. 

Given a C-pair {X, D) as in Definition 12 . 21 and general hyperplane H, we construct an 
adapted morphism 7 : y — > X which is also a finite cyclic cover totally branched over H. 
The proof is fairly standard and is included only for completeness. 

Proposition 2.9 (Existence of an adapted morphism). Let [X, D) be a C-pair as in Defi- 
nition^^ If X is projective and if the components Di C D are Cartier, then there exists 
a very ample line bundle L G Pic(X) such that for general H G \L\, there exists a finite 
cover"/ : Y X with the following properties. 

(2.9.1) The domain Y is normal. 

(2.9.2) The morphism 7 is adapted in the sense of Definition \2.7\ It is cyclic, in par- 
ticular Galois. 

(2.9.3) The branch locus of"/ is the union of H and those components Di with C- 
multiplicities rii ^ 00. 

(2.9.4) The morphism 7 is totally branched over H. 

(2.9.5) If Di ^ [Z?J is any component, then 7 in unbranched over the general point 
ofD,. 

Proof. For convenience of notation, we sort the indices n,; so that the first C -multiplicities 
Til, ^2, . . . , rifc are those that are finite. Let N be the least common multiple of the C- 
multiplicities {ni)i<k that are not 00, consider a very ample Cartier divisor A such that 

i<k 

is Still very ample, and consider a general hyperplane _ff € \L\. Letcr e A®^)\{0} 
be a non-vanishing section associated to the divisor H + X]j<fc ^ ' Di ^ \A®^\. Abusing 
notation, let A and A®^ also denote the total spaces of the associated bundles. Consider 
the multiplication map m : A A^^ , identify the section a with a subvariety of the 
space A®^ , and let tr C A be the preimage a = m~^{(j). The map m|g- : a a is 
clearly a cyclic cover, with an associated action of ^ /^VZ' acting via multiplication with 

jyth ]-QQ(5 Qf unity. 
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The restricted morphism : a — > cr is obviously unbranched away from H U 
Ui<A: Di. Over the general point of H, the variety a is smooth and the morphism m\a 
is totally branched to order N . 

Now let a; be a general point of one of the Di with i < k. Choose an open neighborhood 
of X with a system of adapted coordinates, zi, . . . , Zn, and choose bundle coordinates 
y and y' on A and respectively, such that the multiplication map m is given as 

y ^ y^ = y' ■ In these coordinates, we have Di = {zi = 0}, and the subvarieties a and 



(J are given as 



Recalling that 



y' - Zi"' S> and d ^ \ y^ - Z]"' = 



-1 



2/^ - z;- = (y"-)- - = n (y"' - ■ ^i) 
for e = exp(2i • similar to |BHPVdV04| Sect. III.9], we obtain that 

is the union of — distinct smooth components, each totally branched to order Ui over Di. 
Defining Y as the normalization of a, we obtain the claim. □ 

Notation 2.10 (Cyclic adapted cover with extra branching). Given a C-pair {X, D) and a 
general hyperplane H as in Proposition 12.91 we call the associated morphism 7 a cyclic 
adapted cover with extra branching along H and set H-^ := supp7*(_ff). 

The standard adjunction formula immediately gives the following useful relation be- 
tween the log canonical divisor Ky + D^ and the pull-back of Kx + D. 

Lemma 2.11. If"/ : Y ^ X is a cyclic adapted cover with extra branching along H, the 
following equivalence of Weil divisor classes holds, 

Ky + D^^ "f*{Kx + D) + {N-1)- H^, 

where N is the degree of the finite morphism 7. 

Proof. Again, we sort the indices so that the first C-multiplicities ni,n2, . . . ,nk are 
those that are finite. By definition of adapted cover, the cycle-theoretic preimage "f*{Di) 
is a sum of divisors Dij that appear with multiplicity precisely rii if i < k, and with 
multiplicity one if i > k 

*(jy,_(Ejn,-D,,j if i<k 

In particular, 

= E E • D^^^ + E E D^-^ = E E("^ - 1) • + 

i<k j i>k j i<k j 

Together with the standard adjunction formula for a finite morphism, 
Ky = l*{Kx) + EE^'^' - 1) • + - 1) • 

i<k j 

this gives the claim. □ 
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2.D. Adapted differentials. If 7 : F -> X is a cyclic adapted cover with extra branching 
along H and if X and Y are smooth, it will be useful later to slightly enlarge the sheaf 
7*173f (log[-Dj ) and consider a sheaf fiy (log -D-y)adpt of "adapted differentials" with 

detl7i.(logD^)adpt = ffY{l*{Kx + D)). 

If X and Y are singular, we do a similar construction, using the reflexive hull of 
7*r2^(log[I?J). The following notation is useful in this context and is used throughout 
the present paper. 

Notation 2.12 (Reflexive sheaves and operations). Let Z he a normal variety and £/ 
a coherent sheaf of ^z-modules. For n G N, set i/I"! := (K)["W := (j;/®")**, 
Sym'"l £/ (Sym" £/)**, etc. Likewise, for a morphism 7 : X — > Z of normal va- 
rieties, set 7[*W {-/*£/)**. If is reflexive of rank one, we say that £/ is Q-Cartier 
if there exists a number n G N such that jz/I"! is invertible. 

Adapted differentials are now defined as follows. 

Definition 2.13 (Adapted differentials). Ifj : Y —i' X is a cyclic adapted cover with extra 
branching along H and 1 < p < dim X, we define a sheaves 

r!^i(iogi?^)adptcr!^i(iogi?^), 

called sheaves of adapted differentials associated with the adapted cover 7, on the level 
of presheaves as follows. If U C Y is any open set and a G T(U, f2y (log D-y)) any 
section, then a is in T(U, ily (log Z3^)adpt) if and only if the restriction of a to the open 
setV ■.^U\-i-^(\D'\) satisfies (7\v G T{V, -f^*'^^^^). 

We end this section by noting a few properties of the sheaf of adapted differentials for 
later use. 

Remark 2.14 (Reflexivity, inclusions of adapted differentials). It is immediate from the 
definition that the sheaf i7y'(log-D^)adpt of adapted differentials is reflexive. Since 
71*1 {ft^ (log[-Dj )) C 17^1 (log D^), it is also clear that there exist inclusions 

7W(^^X (logL^J)) C l]^l(l0gi?^)adpt C 1)^1 (log i?^). 

Remark 2.15 (Determinant of adapted differentials). There exist isomorphisms of sheaves 

det {p^^ (log i:'^)adpt) = <Py (Ky + - (N - 1) ■ H^) by Construction 

^ ^Y (7* {Kx + D)) . by LemmalTTT] 

Remark 2.16 (Normal bundle sequence for adapted differentials). Let F C X be a smooth 
curve. Assume that the pair {X, \D] U H) is snc along F, and that F intersects the support 
supp(Z? + H) transversely. The preimage F :— 7^^(F) C F is then smooth, intersects 
U H^i transversely, and the standard conormal sequence of logarithmic differentials, 

^ Tvj,/^ ^ n\.{\ogD^)\p ^ n\{\ogD^\p) ^ 0, 

restricts to an exact sequence 
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3. C-DIFFERENTIALS 

Given a C-pair {X, D) and numbers p and d, we next define the sheaf of C-differentials, 
written as Sym|f' r2^(logI?). A section a G r(X, Syin|,''' f2^(logI?)) is a symmetric 
form on X, possibly with logarithmic poles along the support of D, which satisfies extra 
conditions. There are two essentially equivalent ways to specify what these conditions are. 

(3.0.1) The pole order of a along a component of D is small compared to the mul- 
tiplicity of the component in D, and to the pole order of forms f ■ <j E 
r{X, Sym^c^ nP.{\ogD)), where / is a rational or meromorphic function. 

(3.0.2) The pull-back of a to any adapted covering 7 has only logarithmic poles along 
Dj, and no other poles elsewhere. 

The sheaf of C-differentials has been defined in ICamOSI writing down Condition (3.0. 1) 
in adapted coordinates on smooth spaces. For our purposes, however. Condition (3.0.2) is 
more convenient. The relation between the definitions is perhaps most clearly seen when 
the C-differentials are computed explicitly in local coordinates. This is done in Computa- 
tion l3.8l below. 

3. A. Useful results of sheaf theory. Before defining the sheaf of C-differentials in Def- 
inition [33] below, we recall a few facts and definitions concerning saturated and reflexive 
sheaves. 

Definition 3.1 (Saturation of a subsheaf). Let X be a normal variety, a coherent, reflex- 
ive sheaf of x-modules and sz^ a subsheaf, with inclusion i ; jz/ — > The saturation of 
in Si is the kernel of the natural map 

coker(Oytoj,. 

If the ambient sheaf Si is understood from the context, the saturation of is often denoted 
as si . //coker(t) is torsion free, we say that si is saturated in 

Proposition 3.2 (Reflexivity of the saturation, cf. IIOSS80I Claim on p. 158]). In the setup 
of Definition \3.1\ the saturation si is reflexive. □ 

The next proposition shows that the reflexive symmetric product of a saturated sheaf 
remains saturated. 

Proposition 3.3 (Saturation and symmetric products). Let X be a normal variety, SS a 
coherent, reflexive sheaf of &x -modules and si a saturated subsheaf, with inclusion i : 
si -^SS.Ifmis any number, then the natural inclusion of reflexive symmetric products, 

Syrnl"! i : Syml"! si Syml™! 

represents Sym'™' si as a saturated subsheaf of Sym^"^^ SS. 

Proof. There exists a closed subset Z C X of codimx Z > 2 such that si , S^ and cokcr(i) 
are locally free on X° :— X \ Z. It follows from standard sequences ||Har77l II, Ex. 5.16] 
that the cokernel of Sym^™' l is torsion-free on X°. In particular, the natural inclusion 

(3.3.1) Syml"! si Sym^"'^ si 

is isomorphic away from Z. By definition and by Proposition |3.2| respectively, both sides 
of ( 13.3. Il l are reflexive. The inclusion ( 13.3. Il l must thus be isomorphic. □ 
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Definition 3.4 (Sheaf of sections with arbitrary pole order). Let X be a variety, let D ^ X 
be a reduced Weil divisor and a reflexive coherent sheaf of ff x-niodules. We will often 
consider sections of ^ with poles of arbitrary order along D, and let ^(*D) be the 
associated sheaf of these sections. More precisely, we define 

:= lim(^ (g) ffx{m ■ D))** . 

m 

3.B. The definition of C -differentials. We next define a C -differential. Our approach is 
slightly different than Campana's approach in ICamOSL as Campana defines C -differentials 
in local adapted coordinates. However, we will recover his definition in Section [J!Cl 

Definition 3.5 (C-differentials, cf. llCamOSI Sect. 2.6-7]). If {X, D) is a C-pair we define 
a sheaf 

on the level of presheaves as follows: if U Q X is open and a G r(j7, ^) any form, 
possibly with poles along D, then <j is a section of si if and only if for any open subset 
U' U and any adapted morphism j : V ^ U', the refiexive pull-back has at most 
logarithmic poles along D^, and no other poles elsewhere, i.e. 

(3.5.1) ^^*\a) e V{V, Syml'^1 nl{\ogD^)). 

Explanation 3.6. Inclusion ( 13.5.11 ) of Definition 13. 5 1 can also be expressed as follows. If 
E izV IS, any irreducible Weil divisor which dominates a component of [Z3J, then 7*(o') 
may have at most logarithmic poles along E. If E does not dominate a component of \ D\ , 
then 7* (cr) may not have any poles along E. 

Remark 3.7. Definition 13.51 remains invariant if we remove arbitrary small sets from U'. 
It is therefore immediate that the sheaf Sym|?' ^^^(logZ?) is torsion free and normal as a 
sheaf of i^x-modules, cf. BOSS80I Def. 1.1.11 on p. 150]. Once we have seen in Corol- 
larv l3. 141 that Symj,'*' fl^ (log D) is also coherent, this will imply that it is in fact reflexive. 

3.C. C-differentials in local coordinates. It is sometimes useful to represent C- 
differentials explicitly in local coordinates. The following computations yields several 
results which will be needed later on. 

Computation 3.8. Let {X, D) be a C-pair as in Definition l2.2l Let 1?^ C £) be a component, 
let a; G be a smooth point, and let [/ C X be an open neighborhood of x with an adapted 
system of coordinates as in Definition l2.3l Finally, consider a section 

^ .= f{^l^--^^n) ^^^^^„,, ^^_^^yn„ g ^ 1^^^ gy^H ^ 

where d ~ J2 ''^■i ™d / G i?u is a holomorphic function that does not vanish along 
DiOU = {zi = 0}. We aim to express Condition ( 13.5.1b in this context. To this end, after 
possibly replacing U by one of its open subsets, let 7 : F [/ be any adapted morphism, 
and E C V any divisor that dominates Di n U. 

If Di appears in D with C -multiplicity rii = 00, it is a standard fact that 71*! (cr) has 
logarithmic poles along E if and only if a has logarithmic poles along Di, see e.g. BGKKOSI 
Cor. 2.12.1]. Condition ( 13.5. Il l therefore says that cr is a section of Symji*' fl]^{logD) if 
and only if a < mi. 
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If Di appears in D with C-multiplicity ni < oo, then E appears in ^*{Di) with 
muhipUcity n^. The reflexive pull-back is thus a rational section of the sheaf 

Sym''^' ily (log D~f) whose pole order along E is precisely 

(3.8.1) P(a,A) •a-(n, -l)-mi. 

We obtain from Condition ( 13.5. Il l that ct is a section of Sym|^*' (log D) if and only if 

P(a,A) <0. 



Computation 3.9. In the setup of Computation 13.81 if t is an arbitrary section of 
(Syml'^1 n]^) (* [D] ), write r locally as 



where the functions /mi...m„ are either constantly zero, or do not vanish along Di n U. 
Again, we aim to formulate Condition ( 13.5.1b for the section r. Choose an adapted cover- 
ing 7 and a divisor E as in Computation l3.8l 

If Di appears in D with C-multiplicity rt,; = oo, it is again clear that j^*^ (t) has loga- 
rithmic poles along E if and only if r has logarithmic poles along Di. Condition ( 13.5. Il l 
therefore says that t is a section of Sym|^^' (log 13) if and only if a„ij...m„ < 'mi for 
all multi-indices nii, . . . , m„ with fm-^...m„ ^ 0. 

If Di appears in D with C-multiplicity Ui < oo, set 

P(r, A) = max{P(a™,...™„, A) |/mi...m„ ^ O}, 

where the P{<7mi...m„i Di) are the numbers defined in Equation ( 13.8.11 ) above. It 
is then clear that the reflexive pull-back 7^*1 (t) is a rational section of the sheaf 
Sym''*' f7y(log£'-y) whose pole order along E is precisely P{T,Di). Again, we obtain 
from Condition ( 13.5.11) that r is a section of Sym[i*' fl^ (log D) if and only if P(r, Di) < 0. 



Observation 3.10. Using the convention that = 1 if = oo. Computation ^. 91 gives 
the following set of generators for Sym|f' ri^(log D) near the point x. 



(dzi)™l • {dZ2)"'' ■ ■ ■ {dZnY 



Thus, it follows from Definition 12 . 3 1 that the sheaf Syml,'*' fi^f (log D) is locally free wher- 
ever the pair {X, [Z3] ) is snc. In particular, it is locally free in codimension one. Since it 
is normal, we also see that 

(3.10.1) Symf n],{\ogD) C Syml'^l n],{\og\D^). 

In the case d = 1, we obtain additionally that Sym|!' (rj^(logD)) = fij^' (log[P'J ). 

Observation 3.11. In Computation [3]9] if rii < oo, the number P(r, Di) depends only on 
the section r and on the component Di, but not on the choice of adapted coordinates, or 
on the choice of the adapted morphism 7. 

Observation 3.12. In Computation 13.91 if < 00 and if the number P{T,Di) is non- 
positive, then 7[*1(t) is a section of the sheaf Sym^''' ily{logD^) that vanishes along E 
precisely with multiplicity —P{T,Di). 



rrtj —d. 
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3.D. Consequences of the local computation. Computations 13.81 and 13.91 have sev- 
eral immediate consequences which we note for future reference. It is not very hard 
to see that the computations and observations of Section 13. CI also hold for sections in 
Sym|,^' il^(logD), for all numbers p. The consequences of Computation 13.81 which we 
draw in this section also hold for all p, and are stated in that generality. To keep the paper 
reasonably sized, we leave it to the reader to make the analogous computations in case 
p^l. 

3.D.I. Inclusions, reflexivity. In complete analogy to Inclusion ( 13.10.1b above, we can 
view the sheaf of C-differentials as a subsheaf of the logarithmic differentals, for any p. In 
Corollarv l3.14l we apply this inclusion to prove reflexivity of the sheaf of C-differentials. 

Corollary 3.13 (Inclusion of C-differentials into logarithmic differentials). There exists an 
inclusion ^yiaf^ (log D) C Sym^'^l (log [D] ). □ 

CoroUary 3.14 (Reflexivity of C-differentials). The 5/iefl/Sym|fl O^. (log D) is a coherent, 
reflexive sheaf of x-fnodules, locally free wherever the pair {X, [D] ) is snc. 

Proof. Corollary [To] represents ^ Sym|f' ri^(log£') as a subsheaf of the coherent 
sheaf ^ := Sym^'^l r2^(log[D]). We have also seen in Observation 13 . 1 01 that ^ is locally 
free wherever that pair (X, \D] ) is snc. In particular it is locally free on an open subset 
/7 C X whose complement has codimension > 2. In this setting, it follows from the 
classical extension theorem of coherent sheaves, MGro60l I. Thm. 9.4.7], that there exists a 
coherent subsheaf C whose restriction to U agrees with Since ,^ is normal, and 
since the complement of U is small, we have ^ — (^')**. □ 

3.D.2. Independence of P{t, Di) on choices, definition of defect divisors. The indepen- 
dence of the numbers P{t, Di) on the choice of a particular open set and an adapted mor- 
phism allows us to define a "defect divisor" that measures additional fractional positivity 
along a C-differential. In Section 14. Bl we will extend this notion to sheaves of differen- 
tials. Our starting point is the following Corollary, which summarizes Observations 13. Ill 
andlini 

Corollary and Definition 3.15. Let {X, D) be a C-pair and a a section of 
(Sym'^'i 17^) (*[£)]). Further, consider an open set V ^ X and an adapted morphism 
J : V U. If Di ^ D is an irreducible component that intersects U and has finite C- 
multiplicity and if E <Z V is any divisor that dominates Di n U, then j^*'^ {a) is a rational 
section q/Sym^'*' f2y(log£)^) whose pole order P{(J, Di) along E depends only on a and 
on the component Di C D, but not on the choice of U, the morphism 7 or the particular 
divisor that dominates Di. 

The section (J is in T (U , Symji'' ri^(log£')) if and only if P {a, Di) < for all com- 
ponents Di C D with finite C -multiplicity. □ 

Corollary 3.16. To check the conditions spelled out in Definition \3.5\ it suffices to consider 
a single covering by open sets (C/a)aeA and for each Ua a single adapted morphism. □ 

Using the numbers P defined in l3.15l we define the defect divisor of a C-differential. 

Definition 3.17 (Defect divisor of a C-differential). If(X,D) is a C-pair, D^J2 ^lir'A 

and a a section o/Sym|^'' ft^ (log D), consider the following Q-Weil divisor, 

— ^ TT'i 
DiC.D with Tii <oo 
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We call R{(t) the defect divisor of the section a. 

Remark 3.18. The defect divisor R{g) is always effective. If two sections a and t of 
Sym|f' Jl^(logD) differ only by multiplication with a nowhere-vanishing function, their 
defect divisors R{g) and i?(r) agree. 

3.D.3. The symmetric algebra of C-dijferentials. The special form of the generators for 
Symjf' (yi^ (log £))) found in Observation ^. lOl makes it possible to interpret a tensor prod- 
uct of symmetric C -differentials as a C-differential. More precisely, we obtain the following 
multiplication morphisms. 

Corollary 3.19. Since \ a\ + \ h\ < [a + 6J for any pair of numbers a and b, the multiplica- 
tion morphisms of symmetric differentials extend to multiplication morphisms of symmetric 
C- differentials. More precisely, given any two numbers di, d2 G N, we obtain sheaf mor- 
phisms 

that agree outside of swpp(D) with the usual multiplication maps. □ 

We obtain a symmetric algebra of C-differentials, which will allow us to define a variant 
of the Kodaira-Iitaka dimension for sheaves of C-differentials in Section|4] 

Corollary 3.20 (Symmetric algebra of C-differentials). With the multiplication morphisms 
of Corollar\ \3.19\ the direct sum ®^>o Sym[^^' (log D) is a sheafofi^x-olgebras. □ 

3.D.4. Behavior under subadapted morphisms. Equation ( 13.8.11 ) immediately shows that 
the pull-back of C-differentials under subadapted morphisms also become regular logarith- 
mic differentials. 

Corollary 3.21 (Behaviour under subadapted morphisms). Let {X, D) be a C-pair and 
J : Y ^ X a subadapted morphism. Similar to the setup of Definition \3.5\ the natural 
pull-back morphism of differential forms extends to a morphism 7^*1 Symji*' (log D) — >■ 
Sym['*lf7P(logi:i.^). □ 

3.D.5. A criterion for '^ym^^^ il^(logZ3)|F to be anti-nef. In Remark l2. 16l we considered 
the standard conormal sequence of adapted differentials for a smooth curve F d X. The 
following proposition gives a criterion for Sym[!™' (log D)\p tohe. anti-nef, and will be 
an essential ingredient in the proof of Theorem |1.5l 

Proposition 3.22. Let F d X be a smooth curve and assume that the following holds. 

(3.22.1) The pair (X, [13]) is snc along F, and F intersects supp(-D) transversely. 

(3.22.2) The normal bundle Np/x is nef. 

(3.22.3) The Q-divisor -{Kp + D\f) is nef 

Ifm G is any number and 1 < p < Am\X, then Sym|!"' Vl^-^{\ogD)\F is anti-nef. 

Proof. To start, observe that Condition (3.22.1) guarantees that Sym|!"' VL^^{\ogD)\p is 
locally free along F. Let C X be a general hyperplane, and 7 : y X be a cyclic 
adapted cover with extra branching along H. Let and be the divisors defined in 
Notation 12.81 and |2 . 1 01 Further, we consider the curve F := j^^{F). Observe that F is 
smooth, that Y is smooth along F, and that F intersects D-y U H-y transversely. 
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Since a sheaf is anti-nef if its pull-back under a finite map is anti-nef, it suffices to show 
that 

7*(Syi4™l f}^(logD)|f ) C Sym"(r!P (logi5^)adpt|^) 
is anti-nef. Since subsheaves and tensor powers of anti-nef sheaves are anti-nef, it suf- 
fices to see that riy(log£'-y)adpt|^ is anti-nef. For that, recall the generalized conormal 
sequence of Remai'k l2.16l which presents ily (log I?-y)adpt |^ as an extension of two bun- 
dles, both of which are anti-nef by assumption. □ 

4. Sheaves of C-differentials and their Kodaira-Iitaka dimensions 

Following HCamOS I closely, we define a variant of the Kodaira-Iitaka dimension for 
sheaves of C-differentials in Section l4~Al where we also generalize the notion of "special" 
to C-pairs. In Section |4|B] we introduce the defect divisor of a sheaf, which helps in the 
computation of Kodaira-Iitaka dimensions. 

Throughout the present SectionH] we consider a C-pair (X, D) as in Definition 122] and 
let ^ be a reflexive sheaf of symmetric C-differentials with inclusion 

We assume that ,^ is saturated in Sym|f' f7^(log£'), i.e., that the cokernel of l is torsion 
free. 

4. A. Kodaira-Iitaka dimensions and special C-pairs. The usual definition of Kodaira- 
Iitaka dimension considers reflexive tensor powers of a given reflexive sheaf of rank one. 
In our setup, where J? is a reflexive sheaf of symmetric C-differentials, we aim to de- 
tect the fractional positivity encoded in the C-pair by saturating the tensor product in 
Sym|!" ''^ Vf-^{\ogD) before considering sections. The following notation is useful in the 
description of the process. 

Notation 4.1 (C-product sheaves, cf. BCamOSI Sect. 2.6]). Given a number m £ N''", 
Corollary 13.191 asserts that there exists a non-vanishing inclusion t™ : Sym'™' J? ^ 
Sym[!" '^'^ fl^{log D). Let Sym|!"' ^ be the saturation of the image, i.e., the kernel of 
the associated map 

Symf '^l nP,{logD) ^ coker(i") 
We call Sym|!"' ^ the C-product of ^ . There are inclusions 

Syml"! ^ ^ Sym|!"l ^ ^ Sym|,""'^l ^(^.(logD). 
Remark 4.2. The C-product Sym|!"' ^ is a saturated subsheaf of a reflexive sheaf and 



therefore itself reflexive, by Proposition |3.2| If rank ^ = 1, this implies that the restriction 
of Syml^l ^ to the smooth locus ofXis locally free, lOSSSO] Lem. 1.1.15 on p. 154]. 

Definition 4.3 (C -Kodaira-Iitaka dimension, cf. MCamOSI Sect. 2.7]). IfX is projective and 
rank ^ = I, we consider the set 

M |m e N Syml^l ^) > 1 . 

If M = 0, we say that the sheaf has C -Kodaira-Iitaka dimension minus infinity, 
I'^ci'^) — — oo- Otherwise, by Remark \4.2\ the restriction o/ Sym[!"' ^ to the smooth 
locus of X is locally free, and we consider the natural rational mapping 

: X — ^ P Sym|!"l ^ y^^^^^/^ ^ ^ ^^^^ 
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Define the C-Kodaira-Iitaka dimension as 

Kci'^) = max \ dim(j)„i{X) l . 

Remark 4.4. If D = 0, or if {X, D) is a logarithmic pair, it is clear from the construction 
and from the saturatedness assumption that Sym|r'' ^ = Sym''"' ^ for all m, and that the 
C-Kodaira-Iitaka dimension of ^ therefore equals the regular Kodaira-Iitaka dimension, 

Remark 4.5 (Invariance of under C-products). Using Remark |4~4l standard arguments 
show that if X is projective, then kq {^) — kq (Sym"^^ ^) for all positive m. 

Warning 4.6. Unlike the standard Kodaira-Iitaka dimension, the C-Kodaira-Iitaka dimen- 
sion is defined only for subsheaves of Sym|f' fi^{\og D). Its value is generally not an 
invariant of the sheaf alone and will often depend on the embedding. 

Using the C-Kodaira-Iitaka dimension instead of the standard definition, we have the 
following immediate generalization of Definition 1 1.21 which agrees with the old definition 
if {X, D) is a logarithmic pair 

Definition 4.7 (Special C-pairs, cf. ICamOSI Def. 4.18 and Thm. 7.5]). A C-pair {X, D) is 
special if kc{^) < pfor any number 1 < p < d\m.X and any saturated rank-one sheaf 
^CSym™ nP^iXogD). 

4.B. Defect divisors for slieaves of C-differentials. If rank^ = 1, then is lo- 

cally free. If Ui and U2 ^ ^i cg are open subsets of the smooth locus and if di e T (C/^ , ^) 
are generators of ^ | y . , this implies that cti \uir\Ui and a2 \u1r\U2 differ only by multiplica- 
tion with a nowhere-vanishing function. In particular. Remark [3.181 asserts that the defect 
divisors R{ai) and R{(J2) agree on the overlap C/i n C/2- The following definition therefore 
makes sense. 

Definition 4.8 (Defect divisor and C-divisor class of a sheaf of differentials), /frank ^ = 
1, let be the unique Q-We// divisor on X such that for any open set U C X-^cg, and 
any generator a G r(j7, we have R,^ nU = R{a). We call R^^ the defect divisor of 
the sheaf 

Recall that there exists, up to linear equivalence, a unique Weil divisor W such that 
^ = i^x(W). Lef Div(^) € C\{X) be the associated element of the divisor class group. 
IfX is Q-factorial, we define the C-divisor class of the sheaf written Divc(^), as the 
'[^-linear equivalence class given by DWci'^) ■= Div(,^) + i?,^. 

Remark 4.9 (Pull-back of defect divisor under adapted morphisms). In the setup of Defini- 
tion l4.8l if [/ C X is any open set and 7 : — > J7 any adapted morphism, it is clear from 
the definition that 7* (R,^) is an integral Weil divisor on V. 

Remark 4.10 (Characterization of the defect divisor). In the setup of Definition 14.81 if 
U C X is any open set and 7 : V — )• t/ is any adapted morphism. Definition 13.51 of 
C-differentials asserts that there exists an inclusion 

I : 71*1 (^) ^ Syml''! (log D^) 

which factors into a sequence of inclusions, 

(4.10.1) 7H(^) ^ (7*(^) ® ^y(7*i?.^))** (logi?^), 

where the cokernel of j is torsion free in codimension one. The defect divisor R,^ is 
uniquely determined by this property. 
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We next show that the defect divisor behaves nicely under C-products. 

Proposition 4.11 (Behaviour under C-products). In the setup of Definition \4.8\ ifra e 
is any number, we have 

(4.11.1) Syni|rl ^ ^ (^[rn] ^ ( . i^^j ) 



(4.11 .2) i?gy^[„, ^ = m ■ - [m ■ 

=-Q 

Proof. Let U C X he any open set, and j : V ^ U any finite adapted morphism. 
Then there exist open sets U° C U n X^g and V° C 7"^^°) with codiniu U\U° ^ 
codimv V\V° > 2 such that both the sheaf fly (log D~^) and the cokernel of the injection 

are locally free on V°. Taking m*** symmetric products, the inclusion j yields an inclusion 
of sheaves on V°, 

(4.11.3) r : Sym" (7*(^) ® ^yo (7*i?._^)) Sym™''^ (log D^), 

v ' 

with locally free cokernel. On V° and C/°, respectively, the domain £/ of the map j™ can 
then be written as follows. 

^ Sym" (7*(^)) «) ^yo (m • 7*i?,^) 

(4.11.4) 7*(jr") ® £?yo(7*(m • 

= 7* ® ^c/= ( L™ ■ )) ® {l*Q) 

where Q is the Q-divisor defined in (14.11.21) above. Since Q is effective. Inclusion ( 14.1 1.3l l 
gives an inclusion of locally free sheaves on U°, 

(E) ( \m ■ R,_^\ ) C Sym|rl ^. 
In particular, there exists an effective Cartier divisor P such that 

^™ (E) ^u" ( L^" • R.^\ ) ® ^u" (P) ^ Sym|r'l ^_ 

Thus 

7*(^™(g)^[/o([m-i?^J)(8)^c/o(P)) C Sym™-'*17P (logZ?^). 

But since the cokernel of j™ is locally free. Equation (14. 1 1 .4b implies that 7* (P) < 7* (Q) . 
Since [QJ = 0, this is possible if and only if P = 0. This shows Assertion ( 14. 11. It . 
Assertion ( 14.1 1.2| i then follows from the characterization of the defect divisor given in 
Remark 14.101 Equation (14. 1 1 Aj and again from the fact that the cokernel of j™ is locally 
free. □ 



As an immediate corollary, we can relate the C-Kodaira-Iitaka dimension of a rank one 
subsheaf of Symf^ 51^ (log D) to the standard Kodaira-Iitaka dimension. 

Corollary 4.12. In the setup of Definition \4. 8\ if m e is any number, and 7 : y — > X 
any adapted morphism, then there exists a sequence of inclusions as follows: 

71*1 (Sym|:"l ^) ^ syml"! (7*(^) ® ^?y{i*R^)) ^ Syml™'''! nPy{\ogD^). 

If X is projective and if^ is proper, then nci'^) ^ 1^ ® {7* R^))**^ ■ 
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Proof. Substitute Equations ( 14.11.11 ) and (14.11.21 ) of Proposition 14.111 into the Se- 
quence ( 14.10.11 ) to obtain the sequence of inclusions. The inequality of Kodaira-Iitaka 
dimensions follows immediately from the definition of kc and from the first inclusion. □ 

The following fact is another immediate consequence of Proposition 14.1 II and of Re- 
markl43] 

Corollary 4.13. If X is projective, and if m d N"*" is any number such that m ■ is an 
integral divisor, then kc(=^) = n{m ■ Divc(=^)). □ 




If (y, D) is a logarithmic pair, and it : Y ^ Z a. fibration, we aim to describe the 
maximal divisor A on Z such that C-differentials of the pair [Z, A) pull back to logarithmic 
differentials on (Y, D). Once A is found, we will see in Proposition l5.7l that any section in 
Sym'™' J7y(logD) which generically comes from Z is really the pull-back of a globally 
defined C -differential from downstairs. The construction of A is originally found in slightly 
higher generality in [CarnOS , Sec. 3.1], where the C-pair (Z, A) is called the base orbifolde 
of the fibration. This section contains a short review of the construction, as well as detailed 
and self-contained proofs of all results required later. 

In order to keep the technical apparatus reasonably small, we restrict ourselves to log- 
arithmic pairs in this section, which is the case we need to handle in the proof of Theo- 
rem ll.51 The definitions and results of this section can be generalized in a straightforward 
manner to the case of arbitrary C-pairs. 

5. A. Definition of tlie C-base. The following setup is maintained throughout the present 
Section|5] 

Setup 5.1. Let {Y, D) be a logarithmic pair, and tt : Y ^ Z a proper, surjective morphism 
with connected fibers to a normal space. 

Notation 5.2 (Log discriminant locus). The log discriminant locus S C Z is the smallest 
closed set S such that tt is smooth away from S, and such that for any point z E Z\S, the 
fiber Yj :— 7r^^(z) is not contained in D, and the scheme-theoretic intersection YzD D is 
an snc divisor in Y^. We decompose 



where 5div is a divisor, and codim^ Ssmaii > 2. The divisor ^div is always understood to 
be reduced. 

Construction and Definition 5.3 (C-base of the fibration, cf. OCamOSI Def 3.2]). Let Sdw — 
Uj Ai be the decomposition into irreducible components. We aim to attach multiplicities 
Ui £ to the components A^, in order to define a C-divisor A := o-i ■ Ai. 

To this end, let Z° C Z be the maximal open subset such that tt is equidimensional over 
Z° . Set Y° := tt^^{Z°), and observe that all components A,; intersect Z° non-trivially. 
In particular, none of the divisors A° :— Ai D Z° is empty. Given one component A^, the 
preimage 7r^^(A°) has support of pure codimension one in Y°, with decomposition into 
irreducible components 




5. The C-pair associated with a fibration 



S — 5'div U S'sniallj 
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If for the given index i, all Efj are contained in D, set := 1. Otherwise, set 

bi := min{multiplicity of E° , in 7r"i(A°) | E° , (t D} and := ^Lli.. 

bi 

We obtain a divisor A := o-i ' with supp(A) C S'div We call the C-pair [Z, A) the 
C-base of the fib ration tt. 

The notion of the C-base of a fibration is not very useful unless the fibration and the 
spaces have further properties, cf. Remark 15.5.21 below. We will therefore maintain the 
following assumptions throughout the remainder of the current Section|5] 

Assumption 5.4. In Setup \5J\ assume additionally that the following holds. 

(5.4.1) The pair (Y, D) is snc. In particular, Y is smooth. 

(5.4.2) The pair (Z, S'div) is snc. In particular, Z is smooth. 

(5.4.3) Every irreducible divisor E d Y with codim^ tt{E) > 2 is contained in D. 

5.B. The pull-back map for C-differentials and sheaves. Assumptions 15.41 guarantee 
that C-differentials on {Z, A) can be pulled back to logarithmic differentials on (Y, D). In 
fact, a slightly stronger statement holds. 

Proposition 5.5. Under the Assumptions \5.4\ decompose the divisor D = U D"" into 
the "horizontal" components that dominate Z and the "vertical" components that 
do not. With A as in Construction 15. 51 the pull-back morphism of differentials extends to a 
ma^ 

(5.5.1) d^™ : ttI*! (Sym|!"l rj|(log A)) ^ Syml"! r!^(logi^") 

for all numbers m and p. 

Remark 5.5.2. For Proposition |53J it is essential to assume that the pair Sdiv) is snc. 
For an instructive example, let Z be a singular space, tt : y — > Z a log desingulariazion of 
Z, let D be the vr-exceptional locus, and take m = 1 and p — dim Z. In this setting, the 
assertion of Proposition 15.51 holds if and only if the pair (Z, 0) is log canonical — this is 
actually the definition of log canonicity. We refer to IIGKK08I IGKKPlOl for more general 
results in this context. 

Proof of Proposition \5.5\ Lett/ C Z be an open set and let cr e r(C/, Syni|!"' il^(logA)) 
be any section. Its pull-back 7r[*l(cr) then gives a rational section of the sheaf 
Sym'™' ily (log D^), possibly with poles along the codimension-one components of 
7r~^(S'). We need to show that T:^*\a) does in fact not have any poles. To this end, 
let E C TT^^ (5) be any irreducible component with codimy E = 1. We will show ttI*! (ct) 
does not have any poles along E. 
If EC D", note that 

a e r{U, Syi4"l (logA)) C r{U, Sym[™l (log Sdiv)) . 

Away from the small set in Y° where (Y, supp 7r~^ (S'div)) is not snc, the usual pull-back 
morphism for logarithmic differentials, tt* (ri^(log Sdiv)) f^y (log supp 7r^^(Sdiv)) 
shows that tt^*! (cr) has at most logarithmic poles along E. In particular, ttI*! (a) does not 
have any poles along £^ as a section of Sym'™' Sly (log D^). 

^Since (log D^) is locally free, we could write Sym'" (log D" ) instead of the more complicated 
Syml"*! fly (log _D"). We have chosen to keep the square brackets throughout in order to be consistent with the 
notation used in the remainder of this paper. 
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It remains to consider the case where E ^ D"". In this case, Assumptions IS .41 guarantee 
that E dominates a component of S'div For simplicity of notation, we may remove from 
Z all other irreducible components of S, and also the small set where tt is not equidi- 
mensional. We can then assume without loss of generality that S = Tr{E), and that the 
restricted morphism Tr\Y\D is surjective and equidimensional. By construction of A, the 
morphism Tr\Y\D is then subadapted, in the sense of Definition 12.71 In particular. Corol- 
lary [3]2T| shows that (7r|y\£i)[*l ((t) is a section of Sym''"' ^y\d without any poles along 
En(Y\D). □ 

As an immediate corollary we see that the C-base of the fibration tt is special if the 
logarithmic pair (Y, D) is special. 

Corollary 5.6. Under the Assumptions 15.41 if the logarithmic pair {Y, D) is special in 
the sense of Deftnition \1.2\ then the C-pair (Z, A) is special in the generalized sense of 
Definition\4J\ □ 

5.C. The push-forward map for C-differentials and sheaves. To properly formulate the 
assumption that a section in Sym^™' Vly (log D) comes from Z "generically", consider the 
sheaf ^ C Sym'™' fiy (log D), defined to be the saturation of the image of the map d7r™ 
introduced in ( 15.5.11 ). The following proposition then says that any section in ^ comes 
from a globally defined section on Z. 

Proposition 5.7. Under the Assumptions \5.4\ if ^ Sym^™' fi^ (log D) is the saturation 
of the image of the map dTr™ introduced in ( 15.5.11 ), then the natural injection 

L : Sym|,"i l^|(log A) ^ 7r,(i^) 

is isomorphic for all numbers m and p. 

Remark 5.7.1. Since the morphism tt is log smooth over Z° := Z \ S, the standard se- 
quence of logarithmic differentials on the preimage set Y° := tt^^(Z°), 

— ^ TT* (ni.) \y o^^^nl. {log d)\yo — ^f^^/^lyo (g) ffyiD) — ^0, 

shows that the cokernel of dTrjyo is torsion free on Y° and that the image of dTrlyo is 
saturated in ily (log D)\yo. By ||Har77| II, Ex. 5.16], the same holds for p-forms and their 
symmetric products. By Proposition 13.31 the sheaves ^ and tt^*! (Sym|!"' fl^{logA)^ 
therefore agree along Y°. 

Proof. Since Sym|!"' ri^(log A) is reflexive and 7r*(^) is the push-forward of a torsion- 
free sheaf, hence torsion free, it suffices to prove surjectivity of l away from any given 
small set. We can therefore assume without loss of generality throughout the proof that tt 
is equidimensional and that S'smaii = 0. 

Let U C Zhe any open set and let ct G r{U, tt* (^)) be any section. By Remark l5.7.1l 

the sheaves ^ and 7r*(Sym|rl f7|(log A)) agree along tt-'^{U n Z°). Since Tr^^y) = 
^?z, the section a therefore induces a section 

a' eT{UnZ°, Sym|rl (log A)) . 

The sections a and a' define saturated subsheaves 

^ C ^U-i(y) and ^' C Sym|rl 17|(log A)|[/, 
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together with an inclusion dir™ : Tr*{j2/') si . We need to show that the obvious 
injective map 

(5.7.2) dTT™ : r(f/, s^') ^ r(7r-i(C/), s^) 

is surjective. 

As in Construction 15.31 decompose 5div = UA^ into irreducible components. For 
any given index i, let Ei^j C y be those divisors that dominate A^. Observe that 
Sym['"lr2^(logi:)) and Syml^l n|(log A) are both locally free. In particular, the 
saturated subsheaves and s^' are reflexive of rank one, hence invertible, IIOSS80I 
Lem. 1.1.15], and there exist non-negative numbers Cij such that 

^ 9^ 7r*(^') (g) ^y(Ecij£^ij)- 

With this notation, surjectivity of ( |5.7.2| i is an immediate consequence of the following 
claim. 

Claim 5.7.3. For any index i with A^ n /7 7^ 0, there exists an index j such that Ei,j 
appears in 7r*(S'div) with multiplicity strictly larger than Ci,j. 

Application of Claim 15.7.31 Assume that Claim 15.7.31 holds true. We can view a' as a 
C-differential with poles along the A^, 

d' e r ([/, (Sym|rl (log A)) ® ^zKA,)) . 

We need to show that all numbers are zero. Observe that the section a can be seen as a 
rational section in tt* (^') whose pole order along any component Ei^j is at least vrii times 
the multiplicity of Ei,j in 7r*(Ai). With Claim 15^7731 this is possible if and only if m; = 
for all indices i. In particular, a lies in the image of the map ( 15.7.2b . Proposition l5.7l is thus 
shown once Claim ISTOl is established. 

Proof of Claim \577J\ To prove Claim 15^7731 let any index i be given. 

If a; = 1, let j be any other index. By definition of a^, the divisor Ei,j is then contained 
in D. Let y E y be a general point of Ei,j and set z := 7r(y). Claim I57T3] then reduces 
to the standard fact that near z and y, respectively, the pull-back of a local generator of 
ri^(log Ai) gives a non-vanishing section in ilyilogEij). It follows that Ci,j = for all 
j, proving Claim l57731 in this case. 

If Qi < 1, then there exists an index j such that Eij <f. D, such that bi is the multiplicity 
of Eij in 7r*(Ai), and — As above, let y e F be a general point of Eij and set 

z :— Ti{y). Thus, if we set 

U°:=U\\J A,, and V° := 7t-\U°) \ \J E,^^,, 

then y e V° , z £ U° , and the morphism 7r° := 7r|yo is adapted. Now, if the claim was 
false and hi < Cij, we obtain a morphism 

(7r°)*(j/' ^t/o(A,)) i/|y= C Sym[™l n'^.^logD). 
By Definition [J3] of C-differentials and by CoroUarv D.161 this says that £/' (g) ^[/o(Ai) 
is a subsheaf of Sym|l"' flfjo (log A), contradicting the assumption that £/' is saturated in 
Sym|rll]^^„(logA). □ 

We end this section with a discussion of push-forward properties of subsheaves of 
Given a saturated subsheaf ^ C ^ of rank one on Y, with non-negative Kodaira-Iitaka di- 
mension, we can construct a reflexive rank one subsheaf C Sym|,"' (log A) on the 
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base of the fibration, whose C-Kodaira-Iitaka dimension agrees with the standard Kodaira- 
litaka dimension of This sheaf will be used in the proof of Theorem ll.5l 

Corollary 5.8. In the setup of Proposition 15.71 let C SS be a saturated subsheaf 
of rank one with k{.s/) > 0. Then there exists a saturated, reflexive subsheaf jz/z ^ 
Sym|!"' (log A) of rank one such that dn"^ (tt* {^/z)) C £/ and kc{s^z) = 

Proof. If F C F is a general Tr-fiber, Remark [5.7.11 implies that the restriction is 
trivial. Since a tensor product of the restriction Q S^\f has a non-trivial section 

by assumption, this implies that s^\p is also trivial. In particular, the sheaf -n^i^sii) is 
generically of rank one. Consider the inclusion 

TT^^/) C 7r,(^) Symtr' f^|(log A) 

and let s^z be the saturation of 7r*(^) in Sym|r'' ri^(log A). It is clear that 
fi7r™(7r*(^2)) C holds generically, and since is saturated, this inclusion will hold 
everywhere. 

It remains to show that nci^s^z^ = k(^). The inequality kcC-^/z) ^ k(^) is clear. To 
prove that nc^s^z^ > ^{x/), note that if m' is any number, if ^' is the saturation of the 
image 

dTT"-"' : 7r*(Sym|r-'"'l f]^ (log A)) ^ Syml'"-"'' f^f,(logD") 
and a G T(Y, .b^®"^'^ any section, then the inclusion C SS' shows that cr in- 

duces a section a' € r(Z, SymlT"' 0^(log A)) which, away from S'div, lies in jz/^™ ' — 
Sym|!"' il^(log A). It follows that a' is a section in the saturation of ' which, by 
definition, is precisely Sym|!" ' siz- In summary, we obtain an injection 

r(r, ^®"') ^ r(z, Sym|!"'l ^^y 
This shows the equality of Kodaira-Iitaka dimensions. □ 

PART II. FRACTIONAL POSITIVITY 

6. The slope filtration for C-differentials 

The results of the following two sections are new to the best of our knowledge. In 
this section we discuss a weak variant of the Harder-Narasimhan filtration that works on 
sheaves of C-differentials and takes the extra fractional positivity of these sheaves into 
account. 

If X is a normal polarized variety, ^ a reflexive sheaf with slope < and £/ C 

^ a subsheaf with positive slope, it is clear that the maximally destabilizing subsheaf of 
^ is a proper subsheaf of positive slope. In particular, there exists a number p < rank 
and a rank-one subsheaf £s§ C /\'^' ^ that is likewise of positive slope /i(^) > 0. The 
following proposition gives a similar, but slightly stronger result when ^ is replaced with 
the sheaf of C-differentials. 

Proposition 6.1. Let (X, D) be a C-pair of dimension n, as in Deflnition \2.2\ As- 
sume that X is projective and Q-factorial, and let A be an ample Cartier divisor If 
{Kx + D).A^~^ < and if there exists a number m and a reflexive sheaf C 
Sym|!"' ^\{^Q%D) of rank one with ci(^).^"^^ > 0, then there exists a number p < 
dim X and reflexive sheaf 3§ C Sym[)' (log D) of rank one with Divc (^).A"^^ > 0. 
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Proof. Let H <Z X he. a. general hyperplane section, and 7 : F — > X an adapted cover 
with extra branching along H and cyclic Galois group G, as in Proposition 12 . 91 on page|6l 
We use Notation |2. 101 throughout the proof. Further, let . . . , Hn-i,Y € |7*^I be 

general elements, and consider the associated complete intersection curve 

Cy Hi Y n • • • n Hn-i Y- 

Since Proposition 16.11 remains invariant if we replace A with a positive multiple, we 
may assume without loss of generality that the Mehta-Ramanathan theorem IIFle841 
Thm. 1.2] holds for Cy, i.e. that taking the Harder-Narasimhan filtration of the sheaf 
Vl"y (log -C'7)adpt of adapted differentials commutes with restriction to Cy . 
Recall from Remark l2.15l that 

adpt) = Ci[^*{Kx + D)). 

In particular, we have that ci (^^2^' (log i:'^)adpt) -Cy = 7* {{Kx + D).A^-^) < 0. On 
the other hand, it follows immediately from the definition of C-differentials that there exists 
an inclusion 

7[*V) Syml"! (log i?^)adpt. 
By assumption, we have that ci(7[*l(£/)).Cy = 7* (ci(£/).A"^^) > 0. In particular, 
it follows that the vector bundle fiy (log -D',.)adpt|ci' has negative degree, but is not anti- 
nef. Thus, the maximally destabilizing subsheaf ^y C f2y (log-D-y)adpt has positive 
slope, ci('^y).Cy > 0. It follows that p := rank'^y < dimF = dimX, and that 
SSy dcf^y is a reflexive subsheaf ^y C r2y'(log£'^)adpt of rank one and positive 
slope. 

As a next step, we will construct a sheaf ^ C Sym[?^' f2^(log D) on X. To this end, 
observe that the line bundle ^y(7*A) is invariant under the action of the cyclic Galois 

group G on the Picard group. Since the sheaf fJy (log-D-y)adpt is also stable under the 
action of G, it follows immediately from the uniqueness of the maximally destabilizing 
sheaf that "^y and ,'3§y are likewise G-stable. If we set X° := X^^^ \ supp(L)), then 

r!W(logi^^)adptU-Mxo) = 7'*'(Sy4'' ^Y{\ogD)\x^). 

Using the G-invariance of ^y we obtain a sheaf on say C Sym|)' fi^logl?)!^", 
such that 7[*1(^°) = ^y|^-i(x°)- Let ^ be the maximal extensiorO of ^° in 
Sym[,^' (log D), i.e., the kernel of the natural map 

Sym|)l 9Fx{\ogD) Sym™ n^ilogD^-i^x") j <^°. 

It is then clear that SS is reflexive of rank one. In particular, is locally free wherever X 
is smooth. 

It remains to show that Divc(^).A"^^ > 0. To this end, recall from Remark R-.lOl that 
there is an inclusion 

(6.1.1) (7*(^) ® ^Y{l*R,j)y* n^P{\ogD^) 

whose cokernel is torsion free in codimension one. Since the left hand side of ( 16.1. Il l 
agrees with ^y generically, reflexivity then implies that 

(6.1.2) £§Y = (g> ^y(7*i?,«))**. 



"'We refer to IGro60l 1.9.4] for a general discussion of tlie maximal extension, or prolongement canonique of 
subsheaves. 
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We observe that the sheaf SSy is locally free along the general curve Cy because the 
construction of SSy does not depend on the choice of Cy . The Isomorphism ( 16.1.21 ) then 
implies the following: 

7*(Divc(^).A"-i) = 7*((ci(^) +ci(i?.s?)).A"-i) Def. of Dive 

= ci(^y).(7*(A))""^ Isom. dSIJ) 

= CY{SSy).Cy > 0. Choice of Cy 

It follows that Divc(^).A""i > 0, as claimed. □ 

7. BOGOMOLOV-SOMMESE VANISHING FOR C-PAIRS 

In this section we generalize the classical Bogomolov-Sommese Vanishing Theorem ll.il 
to sheaves of C-differentials on C-pairs with log canonical singularities. To do so, we must 
restrict ourselves to the case where X is a projective, Q-factorial, and dimX < 3. The 
restriction on the dimension is necessary to apply the Bogomolov-Sommese vanishing 
theorem for log canonical threefold pairO, |GKK08 Thm. 1.4]. 

Proposition 7.1 (Bogomolov-Sommese vanishing for 3-dimensional C-pairs). Let {X, D) 

be a C-pair, as in Definition \2.2\ Assume that X is projective and Q-factorial, that 
dim X < 3 and that the pair {X, D) is log canonical. Ifl<p< dimX is any number 
and if C Sym|)' ri^(log£') is a reflexive sheaf of rank one, then kc{-b/) < P- 

Proof Let ^ C Sym|!l r2^(logD) be any given reflexive sheaf of rank one. In order to 
show that Kc{£/) < p, let H C X be a general hyperplane section, and let 7 : F — > 
X be an adapted cover with extra branching along H and cyclic Galois group G, as in 
Proposition l2.9l on page|6] 

As a first step, we show that the pair {Y,D^) is log canonical. Since H is general, 
IIKM981 5.171 implies that 

discrep(X, D + H) = min{0, discrep(X, D)}. 

Since {X,D) is log canonical, discrcp(X, Z) + H) > —1, so {X,D + H) is also log 
canonical. By I KM98I 2.27], the pair {X. D + ^^H) is then log canonical as wefl, 
where N is the least common multiple of those C-multiplicities that are not infinity, as in 
Proposition |2.9l Next, recall from Lemma l2.11l that the log canonical divisor of {Y, D^) is 
expressed as follows, 

/ - 1 

Ky + D^ = 7*(Ax + i?) + (iV - 1) • i/^ = 7* [Kx +D+ 

Then since (X, D + ^H) is log canonical, so is (F, D-,), IIKM98I 5.20]. 

As a next step, recall from Remark |4|9] that the pull-back 7*(i?.a/) of the defect divisor 
is an integral divisor on Y, and consider the sheaf 

(7*(^)® €?y(7*i?.^))**. 

We have seen in Corollarv l4. 12l that k{3^) > kc{s^), and that there exists an inclusion 

^ ^ SymW nPyilogD^) = f]^' (log L>^). 

If we show that ^ is Q-Cartier, then the Bogomolov-Sommese Vanishing Theorem for 
log canonical threefold pairs, IIGKK08I Thm. 1.4], applies to show that k{3§) < p. This 



Building on the results of this paper, a stronger version of the Bogomolov-Sommese vanishing theorem has 
meanwhile been shown for C-pairs of arbitrary dimension, IGKKPIOI Sect. 7]. 
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will yield the claim. To show that is Q-Cartier, recall that X is Q-factorial. Since 
X is normal, and is reflexive of rank one, there exists a divisor D on X such that 
^ ffx{D). It follows that 

.^'^eY{l*[D + R^)). 

Since a suitable multiple of the Q-divisor D + i?,^/ is Cartier, it follows that ^ is Q-Cartier, 
as claimed. This ends the proof. □ 

Combining Propositions 16.11 and 17.11 we obtain a useful criterion that can be used to 
show that Q-Fano C-pairs {X, D) with ample anticanonical class — {Kx + D) have Picard 
number p{X) > 1. This will be an essential ingredient in the proof of Theorem ll.51 

Corollary 7.2. Let (X, D) be a C-pair, as in Definition \2.2\ Assume that X is projective 
and Q-factorial, that dim X — n < i and that the pair (X, D) is log canonical. Let 
A be an ample Cartier divisor If {Kx + D).A^^^ < and if there exists a number m 
and a reflexive sheaf C Sym|!"' r2^(log_D) of rank one with ci(.s/).A'^^^ > 0, then 
p{X) > 1. 

Proof. Suppose to the contrary that p{X) = 1. Given C Symj,'"' Q,\^(logD) of rank 

one with ci{£/).A"^^ > 0, let C Sym[,^' 0^(log_D) be the reflexive rank one sheaf 
constructed in Proposition 16. II where p < n. The assumptions that p{X) — 1 and X is 
Q-factorial imply that ^ is Q-Cartier and a Q-ample sheaf of p-forms. In particular, by 
Corollary 14.131 kc {^) — n. But by Proposition 17.11 we know that kc [SS) < p < n, a 
contradiction. It follows that p{X) > 1. □ 

PART III. PROOF OF CAMPANA'S CONJECTURE IN DIMENSION 3 

8. Setup for the proof of Theorem 1.5 

We prove Theorem 11.51 in the remainder of the paper. The following assumptions are 
maintained throughout the proof. 

Assumption 8.1. Let f° : X° — > Y° be a smooth projective family of canonically po- 
larized manifolds of relative dimension n, over a smooth quasi-projective base of dimen- 
sion dimy° < 3. We assume that the family is not isotrivial, Var(/°) > 0, and let 
p : Y° SJlbe the associated map to the coarse moduli space, whose existence is shown, 
e.g. in ||Vie95l Thm. 1.11]. Arguing by contradiction, we assume that Y° is a special 
variety. 

Remark ^.2. Since y° is special, it is not of log-general type. By BKKOSbl Thm. 1.1], this 
already implies that the variation of f° cannot be maximal, i.e., Var(/°) < dim Y°. 

We also fix a smooth projective compactification Y of Y° such that D := Y \ Y° is a 
divisor with simple normal crossings. Furthermore, we fix a compactification SH of SJt and 
let /Li'^-' : y 9Jl be the associated rational map. 

9. ViEHWEG-ZUO SHEAVES ON (F, D) 

9. A. Existence of differentials coming from the moduli space. Under the assumptions 
spelled out in Section [8] Viehweg and Zuo have shown in IIVZ02I Thm. 1 .4(1)] that Y° 
carries many logarithmic pluri-differentials. More precisely, they prove the fundamental 
result that there exists a number to > and an invertible sheaf C Sym™ riy(logI?) 
whose Kodaira-Iitaka dimension is at least the variation of the family, k{£/) > Var(/°). 
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We recall a refinement of Viehweg and Zuo's theorem which asserts that the "Viehweg- 
Zuo sheaf" really comes from the coarse moduli space 9Jt. To formulate this result 
precisely, we use the following notation. 

Notation 9.1. Consider the subsheaf C riy(logD), defined on presheaf level as 
follows: if J7 C F is any open set and a G r(j7, riy(logD)) any section, then 
cr e r(C/, ^) if and only if the restriction a\\jt is in the image of the differential map 
d[i\\ji : /I* (ri^^) |[/' ri^,, where U' C U O Y° is the open subset where the moduU 
map fi has maximal rank. 

Remark 9.2. By construction, it is clear that the sheaf ^ is a saturated subsheaf of 
riy(log£'). We say that ^ is the saturation of Image(d/J,) in ily(log£'). 

The refinement of Viehweg-Zuo's result is then formulated as follows. 

Theorem 9.3 (Existence of differentials coming from the moduli space, IIJK09I Thm. 1.5]). 

There exists a number m > and an invertible subsheaf si/ C Sym™ S§ whose Kodaira- 
litaka dimension is at least the variation of the family, > Var(/°). □ 

9.B. Pushing down Viehweg-Zuo sheaves. In the course of the proof, we will often need 
to compare Viehweg-Zuo sheaves on different birational models of a given pair. The fol- 
lowing elementary lemma shows that Viehweg-Zuo sheaves can be pushed down to mini- 
mal models, and that the Kodaira-Iitaka dimension does not decrease in the process. 

Lemma 9.4. Let {Z, A) be a C-pair and si C Sym|!"' il^(log A) a reflexive rank one 
sheaf for some m, p > 0. Let X : Z Z' be a birational map whose inverse image does 
not contract any divisor If Z' is normal and A' is the cycle-theoretic image of A, then 
there exists a reflexive rank one sheaf s^' C Sym|!"' ^^^,{\ogl^') with kc{s^') > kc{-s^). 

Remark 9.4.1. Since A is birational, it is clear that any number which appears as a coeffi- 
cient in the divisor A', also appears as a coefficient in A. Consequently, {Z' , A') is again 
a C-pair 

Proof of Lemma W4\ The assumption that A^^ does not contract any divisor and the nor- 
mality of Z' guarantee that A^^ : Z' - Z is a well-defined embedding over an open 
subset U C Z' whose complement Z := Z' \ U has codimension codim^' Z > 2, 
cf. Zariski's main theorem FHarTTJ V 5.2]. In particulai-, AV = (A-^lc/) (A). Let 
L : U ^ Z' denote the inclusion and set := t*((A^^|;7)*^). Since codim^/ Z > 2, 
the sheaf s/' is reflexive and agrees with s/ on the open set where A^^ is an isomor- 
phism. By reflexivity, we obtain an inclusion of sheaves, C Symj,™' fi^, (log A'). 
Likewise, we obtain that Symj,'^' ^' ^ ((A"^|(7)* Sym|fl s/) for afl d > 0. This gives 
h°{Z\ Symj^'l > h°{Z, Symj,'^' ^) for all d, hence kc(^') > kc(^)- □ 

As an immediate corollary, we get that the property of being special is inherited by 
preimages of birational morphisms of pairs. 

Corollary 9.5. Let [Z, A) be a C-pair, and let X : Z Z' be a birational morphism 
whose inverse does not contract a divisor Assume that Z' is normal, and let A' be the 
cycle-theoretic image of A. If the C-pair [Z' , A') is special in the sense of Definition 14. 71 
and if E d Z is any X-exceptional effective Q-divisor such that {Z, A + iJ) is a C-pair, 
then (Z, A + E) is also special. 
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Proof. Let£/ C Sym|)' il^ (log A+i?) be a reflexive rank one sheaf for some p > 0. Then 
by Lemma 1231 there exists a reflexive rank one sheaf £/' C Sym|!"' fl^,(logA') with 
Kc{j2/') > Kc{s^). But since {Z' , A') is special, we have thatp > kc{j^') > nci-^)- □ 



10. Simplification: factorization of the moduli map 

In order to simpUfy the setup of the proof, we aim to replace the pair {Y, D) with a 
pair that is somewhat easier to manage. To this end, we will now construct a commutative 
diagram of morphisms between normal varieties, 

Y ^ y(i) r( 

I 



I moduli 
^ map 
V 



conn, 
fibers 



equidim. 
fibers 



s z^^^ ^ s 



discr. locus 
becomes snc 




where 132, and all a,; are birational morphisms, and where Z''^^ and F'^'*^ are smooth. 

10. A. Construction of /x^-^^ and Z'^^ If necessary, blow up Y outside of F°, in order 
to obtain a variety y'^^ which is smooth and where the associated map F^^^ 9Jt 
becomes a morphism. The factorization via a normal space Z^^^ is then obtained by Stein 
factorization. 

lO.B. Construction of and F^^). The map ' induces a natural, generically in- 
jective map from Z^^^ into the Chow variety of Y^^\ 

7 : --^ Chow(y(i)), z ^ 

Consider a blow-up /32 : 2^'^' ^ Z^^^ such that the composition 7 o /32 : Z'^' 
Chow(y'^') becomes a morphism and such that Z'^^ is smooth. Let F^^^ be the normal- 
ization of the pull-back of the universal family over Since the normalization 
morphism is finite, the fiber dimension does not change, and the resulting map /i'^^ will 
have connected fibers, all of pure dimension dim F '^^^ — dim Z^^^^ . 

lO.C. Construction of Z^^) and l^^^^. Set supp(aj;^ o a^^iD)). Decompose 

Z)'^^^ into "horizontal" components that dominate Z'^^ and "vertical" components that do 
not, 

and set Dz := fi^^^ {D^^'''''). Further, let A*^) C Z^^^ be the discriminant locus of fi^^K 
Recall from Notation 15.21 that this is the smallest closed subset such that /i^^^ is smooth 
over Z^^'' \ A*^^'', and such that the scheme-theoretic intersection D^^^ n (/i'^^-')^^(z) is 
a proper snc divisor in the fiber for afl z e Z^'^^ \ A^^^. Let ^3 : Z^^^ 

Z^'^^ be a blow-up such that Z^^^ is smooth, and the preimages ^3"^(A'^'), l3^^{Dz) 
and /3^^(A(2) u Dz) are all divisors with snc support. Let F^'^) be the normalization of 
y*^^) X 2(2) Z^^\ The induced morphism /i'^'^' will again have connected, equidimensional 
fibers of pure dimension. Finally, set A*^"^' supp (3^^{A'^^'> U Dz)- 

lO.D. Construction of Y^'^K Set D^^^ := supp(ai o 02 o a3)-\D), let 04 : F^"*) ^■ 
y(3) be a log resolution of the pair (F^^) £)(3)j ^nd set D^^^ := 04 ^(D^^^). 
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10. E. Extension of the boundary. If a ai o o o a^t, we obtain a birational 
morphism a : F*^^-' — > Y where D — a^, (Z)^^-' ). The obvious fiber product yields a family 
of canonically polarized varieties over F^^^ \ Z)*^^^ such that /i^'*-' factors the moduli map, 
and such that the associated map Z^'^^ 9Jl is generically finite. 

To simplify the argumentation further and to define a meaningful C-base of the fibration 
fi'-^\ we will now extend the boundary 13*^^'' slightly. To this end, let 

£;(4) c (^(4))-i(A(3)) 

be the union of the irreducible components E' C (/i(^))~^(A'^^^) which are a^- 
exceptional and not contained in I?^'*^ By definition of log-resolution, the logarithmic 
pair is snc, and Corollary |93] asserts that the pair is special. 

Remark 10.1. Since /i''^^ is equidimensional, any ^4 -exceptional divisor is also /i*^^^- 
exceptional. By construction of E^'^\ this implies that any /i*^^' -exceptional divisor is 
contained in + E'-^K 

lO.F. Summary, Simplification. Replacing {Y,D) by the pair (F^^) £)(4) _^ ^{4)-^^ jf 
necessary, we can assume without loss of generality for the remainder of the proof that the 
following holds. 

(10.1.1) The moduU map /i° : y° — > 9Jl extends to a morphism /i : F — > 9Jl. 

(10.1.2) There exists a morphism tt : F — > Z to a smooth variety Z of positive dimen- 
sion which factors the moduli map as follows 



Y — ^ >- Z 5 mr 

conn, fibers generically finite 

(10.1.3) If Z; C y is a divisor with codimz tt{E) > 2, then E C D. 

(10.1.4) There exists an snc divisor Aiod C Z such that for any point z e Z\Aicd,the 
fiber Yz := tt~^(z) is smooth, not contained in D, and the scheme-theoretic 
intersection Yz O D is a reduced snc divisor in Yz . 

Remark 10.2. Condition (10.1.4) guarantees that the codimension-one part of the discrim- 
inant locus of TT is an snc divisor in Z. Together with Remark flO.ll or Condition (10.1.3), 
this implies that the morphism tt satisfies the Assumptions of 15.41 which guarantee the 
existence of a C-base with good pull-back and push-forward properties for C -differentials. 
We are therefore free to use the results of Sections [5 . B I and ls!cl in our setting. 



11. Proof OF Theorem 1.5 

Let {Z, A) be the C-base of the fibration tt, as constructed in Section|5] Consti'uction l5.31 
and note that dim Z < 2. By construction, it is clear that supp(A) C Aiod, where Aj-cd C 
Z is the divisor introduced in Section 110. Fl above. In particular, the divisor A has snc 
support, and the pair (Z, A) is dlt, |K M98„ Cor 2.35 and Def. 2.37]. Since the logarithmic 
pair (Y, D) is special by assumption, Corollarv l5.6| implies that {Z, A) is a special C-pair 
in the sense of Definition |4.7| 

Next, let ^ C ily^logD) be the sheaf introduced in Notation 19. 1 1 above. By Theo- 
rem |9.3| thei'e exists an invertible, saturated sheaf 



^ C Sym" ^ C Sym™ fl]. (log D) 
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with k{£/) > Var(/°) — dim Z. Since Z is generically finite over 9Jl, the sheaf ^ is also 
the saturation of the image of 

Corollary 15.81 thus asserts that jz/ descends to a reflexive subsheaf jz/z C 
Sym[,'"' r2^(log A) of rank one, with kc{£/z) = dim Z. 

11. A. Case: dimZ = l. Since Z is a curve, Sym[l"' ^^^(log A) is of rank 
one and therefore equals £/z- Recall from Remark 14.51 that this asserts that 
Kc(Sym|)' ri^(log A)) = 1, contradicting the fact that the C-pair (Z, A) is special. This 
ends the proof in case dim Z = 1. 

11. B. Case: dimZ — 2. Applying the the minimal model program to the dlt pair 
{Z, A), we obtain a birational morphisrrO X : Z ^ Z\. Set Aa := A* (A), and recall 
that Z\ is Q-factorial, that the pair {Z\, Aa) is dlt and that it does not admit divisorial 
contractions. 

Let si\ C Symlr™' rj^^ (log Aa) be the Viehweg-Zuo sheaf associated to siz C 

Symlr*' il^(log A), as given by Lemma 19341 and note that kc{s^\) = dimZ — 2. For 
convenience of argumentation, we consider the possibilities for k{Kz + A) separately. 

ll.B.l. Sub-case: k{Kz + A) = — oo. In this case, the pair {Zx, Ax) is either Q-Fano 
and has Picard number p{Zx) — 1, or (Z^, A^) admits an extremal contraction of fiber 
type and has the structure of a proper Mori fiber space. 

The case p{Zx) ~ 1, however, is ruled out by Corollarv l7.2l if p{Zx) = 1, then Kz^ + 
Aa is anti-ample. If^ C Za is a general hyperplane section, this gives {Kz^+Ax)-A < 0. 
Corollarv l7 . 21 then asserts that p{Zx) > 1, contrary to our assumption. 

We thus obtain that p{Zx) > 1, and that there exists a fiber- type contraction tt : 
Zx B, where B is a curve. If F is a general fiber of tt, then F ~ P^, F is en- 
tirely contained in the snc locus of {Zx, Aa), and F intersects A a transversely. Since the 
normal bundle NpjZx trivial and —{Kp + Aa|_f) is nef. Proposition 13.221 asserts that 
Symlr* ' ^Zx (loS ^a) If is anti-nef, for all numbers m! e N+. It follows that 

Sym[r'l ^^1^ ^ Sym["'-"1 f]^^(log Aa)|f 

is a subsheaf of an anti-nef bundle, hence anti-nef for all m! G N+. This clearly contradicts 

Kc(-2<\) = dimZ = 2. 

11.B.2. Sub-case: k{Kz + A) = 0. In this case, the classical Abundance Theorem 
IIKM981 Sect. 3.13] asserts that there exists a number n E N+ such that 

(11.0.1) ffz,{n-iKz,+Ax)) = &z,. 

If the boundary divisor A a is empty, then the C-pair {Zx, Aa) is a logarithmic pair for 
trivial reasons, and | K KOSb , Prop. 9.1] implies that k(^a) < 0, a contradiction. It follows 
that Aa is not empty. 

For sufficiently small eo S Q"*", we can therefore consider the dlt pair (Za, (1 — eo)AA). 
Equation ( 111. 0.1b implies that — {Kz^ + (1 ^ ^o) Aa) is Q-effective. In particular, we have 
that k{Kz^ + (1 — Eg) Aa)= — oo. We can therefore run the minimal model program of 
the pair (Za, (1 — £o)Aa), in order to obtain a birational morphism p : Zx ^ Z^ to a 



'Since Z is a surface, the minimal model program does not involve flips. 



FAMILIES OVER SPECIAL BASE MANIFOLDS AND A CONJECTURE OF CAMPANA 



29 



normal, Q-factorial variety. Set /i*(AA). As before, Lemma l94l gives the existence 

of a Viehweg-Zuo sheaf ^ C Sym™ il^^^ (log A^) with kq {s^h) ~ 2. 

To continue, observe that the map fi is also a minimal model program of the pair 
{Z\,{\ — £)Aa), for any sufficiently small number e e Q. In particular, the pair 
(Z^, (1 — e) Ap) is dlt for all e, its Kodaira dimension is k(^Kz^ + (1 ^ = — oo, and 

the pair {Z^, A^) is hence die |KK08b, 9.4], in particular log canonical. In this setting, the 
arguments of the previous Section [Tl .B . 1 1 applv verbatim. 



11.B.3. Sub-case: k{Kz + ^) > 0. The Abundance Theorem guarantees the existence 
of a regular litaka-fibration tt : Z\ ^ B, such that Kz^ + A\ is trivial on the general 
fiber F. The same argumentation as in Section [l 1 .B . 1 1 applies to show that Sym|l" ' ssfx is 
anti-nef for all m' e N+, contradicting kc(^a) = dim Z — 2. This finishes the proof in 
the case dim Z = 2 and ends the proof of Theorem ll.51 □ 
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